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Abstract. Using the Sasakian join construction with homology 
3-spheres, we give a countably infinite number of examples of 
Sasakian manifolds with perfect fundamental group in all odd di- 
mensions > 3. These have extremal Sasaki metrics with constant 
scalar curvature. Moreover, we present further examples of both 
Sasaki-Einstein and Sasaki-77-Einstein metrics. 
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1. Introduction 

Until recently, except for the rather obvious examples, little seemed 
to be known about Sasakian manifolds with non-trivial fundamental 
group; see, however, |Chell] . In this note we construct many examples 
of Sasakian manifolds with a perfect fundamental group. The examples 
we present all have extremal Sasaki metrics (in the sense of Calabi), 
and have constant scalar curvature. When the Sasaki cone has di- 
mension greater than one, the Openness Theorem of [BGS08] implies 
the existence of other extremal Sasaki metrics which generally do not 
have constant scalar curvature. We leave for future work the explicit 
construction of extremal non constant scalar curvature Sasaki metrics. 
Our main purpose here is to prove the following theorems: 

Theorem 1.1. For each odd dimension > 3 there exists a countable in- 
finity of Sasakian manifolds with a perfect fundamentfinial group which 
admit Sasaki metrics with constant scalar curvature. Furthermore, 
there is an infinite number of such Sasakian manifolds that have the 
integral cohomology ring of S'^ x S'^''"'"^ . 
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Theorem 1.2. There exist a countahly infinite number of contact 5- 
manifolds with perfect fundamental group and the integral cohomology 
ring of S*^ x that admit Sasaki metrics with constant scalar curva- 
ture. Moreover, there are such contact 5-manifolds that admit a ray of 
S as aki-rj- Einstein metrics. 

Theorem 1.3. There exist negative S as aki-rj- Einstein (hence, Lorentzian 
Sasaki-Einstein) 7-manifolds with perfect fundamental group and arbi- 
trary second Betti number > 1. 

Theorem 1.4. Let N be a simply connected quasi-regular Sasaki- Einstein 
(2r + 1) - dimensional manifold with Fano index Ip and order v. Then 
if gcd{30lF,v) = 1, the join /I*'kijp N is a smooth {2r -\- 3) -manifold 
with perfect fundamental group and admits a Sasaki- Einstein metric. 
Such examples exist with rational cohomology ring of S"^ x 5'^'^'+"^ for 
all r > 1. Moreover, S^/I* *i,2 is Sasaki-Einstein and has integral 
cohomology ring of S"^ x S'^ . 

Many examples of Sasaki-Einstein manifolds with perfect fundamen- 
tal group can be worked out by choosing appropriately, as for exam- 
ple in Chapters 11 and 13 of |BG08j . and in particular the 5-dimensional 
Sasaki-Einstein manifolds in |BGK05l IKolOSl IKolOTl IBNlOj . 

2. Preliminaries on Sasakian Geometry 

Here we give a brief review of Sasakian geometry referring to |BG08] 
for details and further development. Sasakian geometry can be thought 
of roughly as the odd dimensional version of Kahlerian geometry. Its 
relation to contact geometry mimics the relation of Kahler geometry 
to symplectic geometry. 

2.1. Sasakian Structures. A Sasakian structure on a smooth man- 
ifold M of dimension 2r2 + 1 consists of a contact 1-form 77 together 
with its Reeb vector field ^ which satisfies rj{^) = 1 and ^ j dr] = 0, an 
endomorphism field $ which annihilates ^ and defines a strictly pseu- 
doconvex CR structure (T), J) satisfying D = ker?7 and J = <I>|'d, and 
finally a compatible Riemannian metric g defined by the equation 

(1) 51 = rf?7 o ($ (g) ]1) + (g) ?7, 

such that ^ is a Killing vector field of g. We denote such a Sasakian 
structure by the quadruple S = 77, $, g). Note that the Reeb vector 
field ^ generates a one dimensional foliation 3^^ of M whose transverse 
structure is Kahler with transverse Kahler form drj. The transverse 
Kahler metric on 2) is gx = (i?7 o ($ (g ]1). There is a freedom of 
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scaling, namely, given a Sasakian structure S = {^,ri,^,g) consider 
the transverse homothety defined by sending the Sasakian structure to 

(2) S = (^, r], $, g)^Sa = {a-^C, ar], $, go) where a G R+ and 

ga = ag + (a^ - a)v ® V- 

Sa is another Sasakian structure which generally is inequivalent to S; 
hence, Sasakian structures come in rays. 

When M is compact the closure of any leaf of 3^^ is a torus T of dimen- 
sion at least one, and the flow is conjugate to a linear flow on the torus 
(cf. Theorem 2.6.4 of |BG08j ). This implies that for a dense subset of 
Sasakian structures iS on a compact manifold the leaves are all compact 
1-dimensional manifolds, i.e circles. Such S are known as quasiregular 
in which case the foliation comes from a locally free circle action. 
Assuming this circle action is effective the isotropy subgroups are all 
finite cyclic groups, and the least common multiple v = v{S) of theirs 
orders is an invariant of the Sasakian structure S, called the order of S. 
Then the quotient space Z has the structure of a projective algebraic 
orbifold with an induced Kahler form u such that 11*00 = dt] where tt 
is the quotient projection. The isotropy subgroups of the local circle 
action on M give rise to the local uniformizing groups of the orbifold. 
If the circles comprising the leaves of 3^^ all have the same period, S 
is said to be regular, and the quotient space Z is a smooth projective 
algebraic variety with a trivial orbifold structure. A leaf of that is 
not quasi-regular is a copy of R in which case J"^ is said to be irregular. 
A theorem of Rukimbira |Ruk95] says that an irregular Sasakian struc- 
ture can be approximated by quasi-regular ones. A somewhat more 
general case occurs if we drop the condition that (D, J) be a CR struc- 
ture, but only consider a strictly pseudoconvex almost CR structure, 
that is, the almost complex structure J is not necessarily integrable. 
Then S = (^, rj, $, g) is called a K-contact structure. A quasi-regular 
contact structure is equivalent to having a compatible K-contact struc- 
ture |Ruk95] . All K-contact structures considered in this paper are 
Sasakian. The (almost) complex structure J on 2 is also related to 
the (almost) CR structure J on M. For any foliate vector field X on 
M we have 7r*$X = Jtt^X. We say that J = <I>|d is the horizontal lift 
of J. 

The flow of the Reeb vector field ^ lies in the center of the automor- 
phism group 2lut(iS) of a Sasakian structure S = (^, rj, $, g); hence, any 
Sasakian structure on a compact (2n-|-l)-dimensional manifold has a k- 
dimensional torus in its automorphism group, where 1 < k < n + 1. 
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The subset of the Lie algebra tk of this torus consisting of vec- 
tor fields C,' that satisfy the positivity condition rjl^') > everywhere 
on M forms a cone called the Sasaki cone |BGS08] . It provides a k- 
dimensional family of Sasakian structures associated with S all having 
the same underlying CR structure (D, J). There can be many Sasaki 
cones associated with the same contact structure D as seen, for exam- 
ple, in [BoylO , Boyll IBTFllt IBTF12j . These give rise to bouquets 



of Sasaki cones which correspond to distinct conjugacy classes of tori 
in the contactomorphism group £on(D). For more on the important 
infinite dimensional Frechet Lie group Con(I') we refer to Banyaga's 
seminal book |Ban97j . 

The conditions on the Riemannian curvature for Sasaki metrics have 
been very well studied, and we refer to |BlalOl IBG08] and references 
therein for details. It suffices here to mention only some basic facts 
about the Ricci curvature and $ sectional curvature of a Sasaki metric. 
Let S = rj, $, g) be a Sasakian structure on a {2n + l)-dimensional 
manifold, then the Ricci curvature Ric^ of g satisfies the identities 

(3) ^jRiCg = 2n?7, Ricglvxv = 'R^icr - 2g\x,xD 

where Ricr denotes the Ricci curvature of the transverse Kahler met- 
ric. One easily sees from these equations that the corresponding scalar 
curvatures are related by 

(4) Sg = St — 2,71. 

If K is the ordinary Riemannian sectional curvature of g, then the $ 
sectional curvature of g is defined by K{X, ^X) where X is any vector 
field. Sasaki metrics of constant $ sectional curvature are known as 
Sasakian space forms. There are three types of Sasakian space forms, 
those with K{X, $X) = c > -3, < -3 and = -3. Within each type 
different constants are related by a transverse homothety. If we have a 
Sasakian space form of constant $ sectional curvature c, then after a 
transverse homothety Equation (|2]), we obtain a Sasakian space form 
of constant $ sectional curvature c' = — 3. They are the analogs 
of constant holomorphic sectional curvature in complex geometry. In- 
deed, under the Boothby-Wang correspondence constant $ sectional 
curvature c corresponds precisely to constant holomorphic transverse 
sectional curvature k = c + 3. Assuming the Sasakian manifold is sim- 
ply connected, in the spherical or positive case (c > —3) the transverse 
Kahler structure is that of complex projective space CP"; whereas, in 
the hyperbolic or negative case (c < —3) the transverse Kahler struc- 
ture is that of the complex hyperbolic ball B". Finally we make note 
of the Ricci tensor for the transverse Kahler structures of constant 
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holomorphic sectional curvature k, viz. 

n + 1 

(5) Rict = ^ kgr- 

2.2. The Join Construction. We shall make use of the join con- 
struction first introduced in |BGOO] in the context of Sasaki-Einstein 
manifolds, and developed further for general Sasakian structures in 
|BGO07] . see also Section 7.6.2 of |BG08] . Products of Kahlerian 
manifolds are Kahler, but products of Sasakian manifolds do not even 
have the correct dimension. Nevertheless, one can easily construct new 
quasi-regular Sasakian manifolds from old quasi-regular ones by con- 
structing circle orbibundles over the product of Kahler orbifolds. Let 
Mi for i = 1, 2 be compact quasi-regular contact manifolds with Reeb 
vector fields ^j, respectively. These vector fields generate locally free cir- 
cle actions on Mi and their quotients are symplectic orbifolds Zi. Then 
the quotient of the product = 5*^ x action on Mi x M2 is ZiX Z2. 
Taking primitive symplectic forms Ui on Zi we consider the symplectic 
form cufci.fca = kiUi + k2UJ2 on Zi x Z2 where ki, /c2 are relatively prime 
positive integers. Then by the orbifold Boothby-Wang construction 
[BGOOj the total space of the principal circle orbibundle over Zi x Z2 
corresponding to the cohomology class [wfci,fc2] ^ H'^i^i ^ ^2, ^) has a 
natural quasi-regular contact structure whose contact form ?7fci,fc2 sat- 
isfies drjk^^k2 = T^*^ki,k2 where vr is the natural orbibundle projection. 
Moreover, if the base spaces Zi are complex orbifolds and the Ui Kahler 
forms, the total space of this orbibundle, denoted by Mi -kkiM has 
a natural Sasakian structure. It is called the join of Mi and M2. Gen- 
erally, Ml *ki,k2 ^2 is only an orbifold; however, if gcd(i;i/c2, ^"2^1) = 1 
it will be a smooth manifold, where Vi is the order the Sasakian struc- 
tures on Mj. So if Mi has Sasakian structures Si = {C,i,T]i,^i, Qi) we 
obtain a new Sasakian structure iSfc^.fcj '^^ ^1 ^fei.fe ^2 such that the 
following diagram 

Ml X M2 

\ 

(6) KB Ml ^k,M M2 
Zi X Z2 

commutes. Here vr^ is the quotient projection of the torus action, 
the southeast arrow is the quotient projection by the circle action gen- 
erated by the vector field 2^7^! ~ '^^^'^ ^'^'^ southwest arrow is the 
quotient projection of the Reeb vector field -^^\^^'i2 oi Mi-k^iM^'^- 
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Although we are not able to distinguish diffeomorphism types of 
Ml *fci,/c2 ^2 generally, we can distinguish contact structures by the 
first Chern class Ci(2)) of the contact bundle D. 

2.3. Extremal Sasakian Structures. Given a Sasakian structure 
S = rj, $, g) on a compact manifold M^""*"^ we deform the contact 1- 
form by ?7 I— )■ ri{t) = rj + tC, where C is a basic 1-form with respect to the 
characteristic foliation defined by the Reeb vector field ^. Here t lies 
in a suitable interval containing and such that //(t) A dr]{t) ^ 0. This 
gives rise to a family of Sasakian structures S{t) = {^,ri(t),^{t), g(t)) 
that we denote by S(^, J) where J is the induced complex structure 
on the normal bundle z^(3^g) = TM/L^ to the Reeb foliation 3^^ which 
satisfy the initial condition 5(0) = S. On the space S(^, J) we consider 
the "energy functional" E : §{^, J) — )'R defined by 

(7) Eig) = I sldfig, 

J M 

i.e. the L^-norm of the scalar curvature Sg of the Sasaki metric g. 
Critical points g of this functional are called extremal Sasaki metrics. 
Similar to the Kahlerian case, the Euler-Lagrange equations for this 
functional says |BGS08] that g is critical if and only if the gradient 
vector field Jgrad^s^ is transversely holomorphic, so, in particular, 
Sasakian metrics with constant scalar curvature are extremal. Since 
the scalar curvature Sg is related to the transverse scalar curvature sj 
of the transverse Kahler metric by Sg = — 2n, a Sasaki metric is 
extremal if and only if its transverse Kahler metric is extremal. Hence, 
in the quasi-regular case, an extremal Kahler orbifold metric lifts to 
an extremal Sasaki metric, and conversely an extremal Sasaki metric 
projects to an extremal Kahler orbifold metric. Note that the defor- 
mation 7] ri{t) = rj + t( not only deforms the contact form, but also 
deforms the contact structure 2) to an equivalent, isotopic, contact 
structure. So when we say that a contact structure D has an extremal 
representative, we mean so up to isotopy. Deforming the Kahler form 
within its Kahler class corresponds to deforming the contact structure 
within its isotopy class. 

As mentioned above Sasaki metrics of constant scalar curvature are 
a special case of extremal Sasaki metrics. We shall abbreviate constant 
scalar curvature by CSC. A further special case of interest are the so- 
called Sasaki-r^-Einstein metrics, or simply ?7-Einstein (see for example 
[BGM06[ IBGOSj and references therein). Recall that a Sasakian (or 
K-contact) structure S = {^,ri,^,g) is called rj-Einstein if there are 
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constants a, b such that 

(8) RiCg = ag + hrj ® Tj 

where Ric^ is the Ricci curvature of g. The constants a, h satisfy a + 
h = 2n. The scalar curvature Sg of an //-Einstein metric is constant. 
Indeed, if the manifold has dimension 2n + 1, then the scalar curvature 
satisfies Sg = 2n{a + 1). However, as we can easily see, not every 
constant scalar curvature Sasaki metric is ?7-Einstein. In fact, many of 
the CSC Sasaki metrics that we construct have a diagonal Ricci tensor 
consisting of constant diagonal blocks. Notice that if 6 = we obtain 
the more familiar Einstein metric, so ?7-Einstein is a generalization of 
Einstein. In this case the scalar curvature Sg = 2n{2n + 1) and the 
transverse scalar curvature is st = ^n{n + 1). Moreover, it follows 
from Equation ([3]) that a Sasaki metric g is ?7-Einstein if and only if 
the transverse Kahler metric h is Einstein. So one easily sees that a 
transverse Kahler-Einstein metric is negative if and only if a < —2, and 
positive if and only if a > —2. We refer to these as negative (positive) rj- 
Einstein metrics, respectively. Furthermore, given a positive ?7-Einstein 
metric there is a transverse homothety whose resulting metric is Sasaki- 
Einstein. Even more is true in dimension 3: a 3-dimensional Sasaki 
metric is ?7-Einstein if and only if it has constant $ sectional curvature 
|BGM06] . 

It is easy to see that any Sasakian structure gives rise naturally 
to a Sasaki metric with a Lorentzian signature, see Section 11.8.1 in 
|BG08j . Moreover, in the Lorentzian signature, one can apply a trans- 
verse homothety to a negative Sasaki-?7-Einstein metric to obtain a 
Lorentzian Sasaki-Einstein metric. Thus, we can obtain many exam- 
ples of Lorentzian Sasaki- Einstein metrics |Gomllj . 

3. Seifert Fibered Homology 3-Spheres 

Homology spheres are by definition manifolds whose integral homol- 
ogy coincides with that of a sphere. In dimension 3 this is equivalent to 
the fundamental group being perfect, that is, it coincides with its com- 
mutator subgroup. We want the homology 3-spheres that we consider 
to admit a Sasakian structure; hence, they must be Seifert fibered ho- 
mology spheres with an effective fixed point free circle action. Here we 
give a brief review of such homology 3-spheres following [Sav02l ILRlOj 
and the translation of |Sei33] in |ST80] . It is known that the binary 
icosahedral group I* is the only non-trivial finite perfect subgroup of 
SU{2) (see page 181 in |Wol67] ). It is a double cover of the simple 
group I of order 60, the icosahedral group. Moreover, it follows from 
Perelman's proof of the Poincare conjecture that up to diffeomorphism 
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the only compact 3-manifold with a non-trivial finite perfect funda- 
mental group is the celebrated Poincare sphere S'^/I*. The remainder 
of the Seifert fibered homology 3-spheres, except for S"^, can be realized 
as a homogeneous space of the form PSL{2, R) /T where PSL{2, R) de- 
notes the universal cover of the projective linear group PSL{2, R), and 

r is a cocompact discrete subgroup of PSL{2, R) |NR,78[ iKVSTl iLRin] . 
Hence, 7ri(M^) is infinite and is aspherical. Recall that a manifold 
M is aspherical if 7rfc(M) = for all k > 1. Summarizing we have 

Proposition 3.1. Let be a Seifert fibered homology 3-sphere which 
is not the standard sphere nor the Poincare sphere. Then is as- 
pherical and a homogeneous space of the form PSL(2, R)/r for some 
cocompact infinite discrete subgroup T. Furthermore, 7ri(M^) is infinite 
and perfect. 

3.1. The Orbifold Base. We consider the homology 3-sphere as the 
Seifert bundle — yM^ — yB where B is an orbifold. As will become 
evident below in all cases the base of the Seifert fibration is S"^ with 
an orbifold structure. We refer the reader to Chapter 4 of |BG08] for 
the basics of orbifolds. In order to work with orbifold cohomology 
classes we consider Haefiiger's |Hae84] classifying space BB of an orb- 
ifold B. We represent the orbifold B hj a. proper etale Lie groupoid 
9 (or any Morita equivalent Lie groupoid) and let BB denote the 
classifying space of S, then the integral orbifold cohomology groups 
and homotopy groups are defined by Hl^^{B,'L) = H\BB,'Z) and 
Z) = 7Ti{BB, Z), see Section 4.3 of |BG08] for further details. 
We have 

Lemma 3.2. Let be a Seifert fibered homology 3-sphere that is not 
the standard sphere . Then tt°'''^{B) is a quotient of tti{M^), and 
hence, perfect. If is not the Poincare sphere, then t:°^'^[B) = for 
i >2 and 7rf^(5) ^ 7ii{M^)/Z. If = S^/I*, then 7i^''\B) ^ Z, 
Ti1''\B) ^ 7r,(^Vr) ^ 7ii{S^) for i > 3, and 7rf^(5) is I. 

Proof. Since in all cases 7r2{M^) = we have the homotopy exact 
sequence 

(9) >7T^\B)-^Z^7Ti{M^) y7r°/\B) >{1} 

which proves the first statement. If is not the Poincare sphere 
then 7ri(M^) is infinite, so by Lemma 14.3.1 of |LR10j ip is injective 
which proves the second statement. If is the Poincare sphere then 
7ri(M3) ^ I* and Lemma 14.3.1 of [LRlOj says that B is 5"^. From the 
exact sequence ([9]) and the fact that iri{M^) = I* we see that ii"^'^{B) 
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is either I* or I. We claim that it must be I. The following argument 
is taken from [Zimll] . The orbifold structure of B is described by the 
branched cover S'^ — >S'^/G where G is either I or I*. Now as we shall 
see shortly the Poincare sphere can be represented by the link L(2, 3, 5) 
and the orbifold Riemann-Hurwitz formula is 

xiS') = \G\{2-2g-J2il--^)) 

i 

where x is Euler characteristic and g is the genus of the Riemann 
surface, so we have x^S"^) = 2, (7 = 0, and (mi, 7712,7713) = (2,3,5). 
Thus, the formula gives |G| = 60, so G = I. Then from the exact 
sequence (111) we see that 712^^(3) ^ Z and the map l is multiplication 
by 2. □ 

In all cases in this paper the 2-dimensional orbifold B is developable, 
that is, it is a global quotient, namely, B = ^Vvrf ^(5). 

A result of Neumann and Raymond [NR78] says that up to orien- 
tation any Seifert fibered homology 3-sphere can be realized as a link 
of complete intersections of generalized Brieskorn manifolds |Ran75j . 
Moreover, it follows from Section 9.6 of |BG08j that any such link ad- 
mits a Sasakian structure. Seifert fibrations as complete intersections 
is also treated in |Sav02l ILoo84] as well as recently in Section 14.11 of 

[LRTn] . 

3.2. Complete Intersections of Brieskorn Manifolds. Here we 
essentially follow Section 14.11 of |LR10j . Let a = (oq, ■ ■ ■ , a„,) be a 
sequence of integers with > 2 and let G = (cjj) be an — 1 by + 1 
matrix of complex numbers. We also assume that each n — 1 hj n — 1 
minor determinant of G is nonzero. Then the complex variety 
(10) 

Vcisi) = {ze C^'+i I /, = c,o4'' + ■ ■ ■ + = 0, z = 0, ■ ■ ■ ,n - 2} 

is nonsingular away from the origin in C""*"^, and the link 
(11) L(a) = rc(a) n S'-^' 

is a smooth 3-dimensional manifold which is independent of G up 
to diffeomorphism. Note that Vc has a C* action defined by ^ H- 
(A"'°2;o, ■ ■ ■ , A"'"^^) with weights 

lcm(ao, ■ ■ ■ ,an) 
Wj = . 

a, 

The unit circle C C* acts on the link L{a) without fixed points, so 
it is a Seifert manifold. The Seifert invariants are given on page 336 of 
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[LRlOj . The unnormalized invariants are 

M = {o,5f,0,0, si(ao,/3o), • • • , Sn(a„,/3„} 

where 

lcm(ao, ■ ■ ■ , a„) aocti ■ ■ -aj ■ ■ ■ an 



lcm(ao, ■ ■ ■ ,ai, ■ ■ ■ lcm(ao, ■ ■ ■ ,aj, 

1 " 



2 ^ lcm(ao 
and /3j and e are determined by 

n „ 

-e(M) = > Sj— = 

^-^ aj icmfan, 



j=0 



This last equation becomes 

(12) 

i=o 

Here g is the genus of the base Riemann surface. Note that the vari- 
ety Vc is not the most general type of complete intersection even for 
dimension 3. Generally, complete intersections have a multidegree d = 
{do, ■ ■ ■ , dn-2), but in our case here the degrees di are all equal, namely 
d = lcm(ao, ■ ■ ■ , a„). We define the weight vector w = (wq, ■ ■ ■ , Wn) 
and |w| = Wj. The link L(ao, • • • , is the total space of an 
orbibundle over a projective algebraic orbifold Z, and e(M) is the orb- 
ifold Euler number of the orbibundle. Note that the Euler number of 
the orbifold canonical bundle of this orbifold is f^^. We now consider 

a 

the main case of our interest, namely, |NR78] 

Lemma 3.3. The link L{a) is a homology 3-sphere if and only if the 
integers a^, . . . ,an are pairwise relatively prime. 

In this case the weights are = Oq ■ a„ and the degree d = 

ao - ■ - an which satisfies d = Wjaj for all j. (This last equation holds in 
generally for Brieskorn manifolds) . So in the case of homology spheres 
we have 

(13) aj = ttj, Sj = 1, g = 0- — e(M) = = -. 

floQ-i ■ ■ ■ a^ d 

The equation for /3j becomes 
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So for homofogy 3-spheres we can take 

R. = 

{n + l)d' 

As mentioned previously every Seifert fibered manifold that is an in- 
teger homology sphere is diffeomorphic up to orientation to a Brieskorn 
complete intersection L{ao, ■ ■ ■ , an) |NR78] . Furthermore, they are all 
homogeneous manifolds which except for the Poincare sphere have the 
form PSL{2,Wi)/r where F is an infinite discrete group such that 
[F,F] = F. The Poincare sphere is represented by a = (2,3,5). It 
is the homogeneous space SU (2) /I* where I* is the binary icosahedral 
group, a finite group of order 120. Conditions on the Seifert invariants 
that a given Seifert manifold can be represented as PSL{2, R)/F where 

F is a cocompact discrete subgroup of PSL(2, R) were given in |RV81] . 
Also the fact that any complete intersection link of the form (fTTIl is a 

homogeneous space PS'L(2,R)/F or SU{2)/T was proved in [Neu77] . 

Example 3.4. When = 2 we have the Brieskorn 3-manifolds L{aQ, ai, 02) 
which were treated extensively in |Mil75] . When n = 3 we can redefine 
the coordinates giving the complete intersection 

4° + + 4' + 4' = 0, Co4° + Cl^r + C2Z^' + CsZ^' = 0. 

The condition on the minor determinants is Cj 7^ Cj for all i ^ j = 
O,--- ,3. 

3.3. Sasakian Structures on Homology Spheres. It follows from 
Proposition 9.6.1 of |BG08j that the links L{a^ admit a quasiregular 
Sasakian structure induced from the Sasakian structure on 5'^""'"^ as a 
complete intersection. Now L{a^ is the total space of an 5*^ orbibun- 
dle over a projective algebraic variety of complex dimension one, 
that is, a Riemann surface embedded as a complete intersection in the 
weighted projective space CP(w). Given the form of the weights for 
homology spheres, we see that CP(w) is isomorphic as a projective 
variety to CP" and is isomorphic to CP^ but with a non-trivial 
orbifold structure. 

Recall from Definition 7.5.24 of |BG08] that a Sasakian structure 
S = (^, rj, $, g) is positive (negative) if the basic first Chern class cf (3^^) 
can be represented by a positive (negative) definite (1,1) form. 

Lemma 3.5. Let L{a) be a homology 3-sphere. Then except for the 
Poincare sphere with link L(2,3,5), the Sasakian structure on the link 
L(a) is negative. The Sasakian structure on the Poincare sphere L(2, 3, 5) 
is positive. 
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Proof. Note that the basic first Chern class cf (J'g) is the pullback of 
the orbifold first Chern class which is ^'^^"^'^^ times the area form a on 
CP""^. Thus, we have 

(14) cf{Z^) = - - l)«o ■ ■ ■ an)a. 

j 

If n = 2 then it is well known [Mil75] and easy to see that L{2, 3, 5) 
is the only non-standard homology sphere for which Ci > 0. So we 
assume that n > 3 and without loss of generality we can assume that 
Co < Oi < ■ ■ • < a„ and aj > 2. We then have 

|d| — |w| = {n - 

> {n - 
= {{n 

□ 

When is a homology sphere with infinite fundamental group 
arising from the link L(a), the base B = -B(a) is 5*^ with an orbifold 
structure consisting of n+1 orbifold points. So if is not the Poincare 
sphere, or equivalently that 7ri(M^) is infinite, there are n + 1 singular 
orbits corresponding to setting Zj = where j = 0, . . . ,n. The order 
of the isotropy subgroup when Zj = is aj, so the total order of the 
orbifold quotient is da = ■ ■ ■ a„ which coincides with the order v of 
the Sasakian structure. 

We are now ready for Belgun's theorem. The version given in Theo- 
rem 10.1.3 of |BG08] is more convenient for our purposes, and we give 
only what we need here. 

Theorem 3.6 ( jBelOlj ). Let M be a ?>- dimensional compact manifold 
admitting a Sasakian structure S = {C,,r],^,g). Then 

(1) If S is positive, M is spherical, and there is a Sasakian metric 
of constant ^-sectional curvature 1 in the same deformation 
class as g. 

(2) IfS is negative, M is of PSL{2, R) type, and there is a Sasakian 
metric of constant ^-sectional curvature —4 in the same defor- 
mation class as g. 

In the positive case the metric g also has constant Riemannian sec- 
tional curvature 1. Moreover, in case 1 of the theorem there is a ray 
of constant $ sectional curvature c with c > —3 which corresponds 
to constant transverse holomophic sectional curvature c + 3 > 0. In 



- 1)^0 ' ' ' — / ^0 ' ' ' ' ' ' 

j 

- l)ao ■■■an - {n + l)ai ■ ■ ■ a„ 

- l)ao — {n + l)^ai ■ ■ ■ ttn > {n — 3)ai ■ ■ ■ a„ > 0. 
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case 2 there is a ray of constant $ sectional curvature c with c < —3 
which corresponds to constant transverse holomorphic sectional cur- 
vature c + 3 < 0. Except for the standard sphere the automorphism 
group of S is one dimensional consisting of the flow generated by the 
Reeb vector field. Thus, the Sasaki cone is one dimensional for these 
structures. 

3.4. Orbifold Kahler-Einstein Metrics on B^- It follows from The- 
orem [Xni and the orbifold Boothby-Wang Theorem |BG00j that i?a ad- 
mits a Kahler-Einstein orbifold metric. For example for the Poincare 
sphere with a = (2,3,5), the orbifold first Chern class of the base 
orbifold Bg, is c1^''{Ba) = where a is primitive in iJ^(i?a, Z). So 
if p : Bi?a — yBa is the orbifold classifying map, p*d^^ is primitive in 
i/^^(,(5a, Z). Moreover, cf ^ pulls back to an integer cohomology class 
on which of course in our case is 0. 

We want to emphasize, as mentioned previously, that the orbifold 
Kahler-Einstein metrics on B^ correspond to Sasaki-?7-Einstein metrics 
on M^. In the positive case when = S'^ /\* and a = (2,3,5), the 
positive Kahler-Einstein metric on -6(2,3,5) with scalar curvature 8 cor- 
responds to the standard constant sectional curvature (and $ sectional 
curvature) 1 metric on 5*^/1*. In the negative case the Kahler-Einstein 
metric on i?a with scalar curvature —2 corresponds to constant $ sec- 
tional curvature —4 on Mf. In both cases by rescaling the Kahler- 
Einstein metric on Ba-, we obtain a ray of Sasaki- 77-Einstein metrics on 
with constant $ sectional curvature. 

In order to construct ?7-Einstein metrics on joins, we need to con- 
sider an index. In |BGOO] we worked with positive Sasakian structure 
in which case we defined the Fano index. For complete intersections it 
is |w| — |d|. However, here in all but one case, the Sasakian structure 
is negative, so we define the canonical index as = |d| — |w|. For ho- 
mology spheres Ma, |d| = (n — l)ao ■ ■ ■ «n and | w| = a^ - ■ ■ dj ■ ■ ■ an- 

4. The Join of an Homology 3-Sphere 

Here we let be a homology sphere described by the links L(ao, • • • , o-n) 
of Section [22] and we assume that > 2 for all i, so that it is not the 
standard sphere. As seen in the last section has a natural Sasakian 
structure of constant $ sectional curvature, and we can easily obtain 
higher dimensional Sasakian manifolds with perfect fundamental group 
by applying the join construction. 

4.1. The Topology of N with TV Simply Connected. We 

begin with 
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Theorem 4.1. Let N be a simply connected 2r + 1- dimensional quasi- 
regular Sasakian manifold of order v, and let be an homology sphere 
described in Section WTB, so gcd{ai} = 1. If also gcd(/ao ■ ■ ■ kv) = 1 
then the {k, l)-join M^-k^ iN is a 2r-\- 3- dimensional Sasakian manifold. 
Moreover, if is not the Poincare sphere we have 

• -kk^i N has a perfect fundamental group isomorphic to a quo- 
tient 0f'Kx{Ml). 

• T^i^M^-kki N) is a "Li extension of the perfect group 7r°''^(i?a) ~ 
7ri(M3)/Z. 

• T^i{Ml ^k,i N) ^ n,{N) for I > 2. 

If is the Poincare sphere S^/I*, then 

• If I is odd M^'kk,iN has a perfect fundamental group equal to I. 

• If I is even i<k,i N has a perfect fundamental group equal to 
either I or I* . 

• 7^i{Ml M,i N) ^ 7Ti{S'^) © 7ii{N) for all i > 3. 

Proof The fact that ^ is a smooth Sasakian manifold of di- 

mension 2r + 3 follows from Proposition 7.6.6 of |BG08] . There are two 
relevant fibrations involving the join. By Proposition 7.6.7 of |BG08] 
'kk,i N can be realized as a A^/Z;-bundle over the base orbifold Sa 
of Ml, that is we have an orbifold fibration 

(15) iV/Z, — >Ml N — yB^ 

whose long exact homotopy sequence is 
(16) 

0_^vr2(A^)— >7r2(Mf*fc,,iV)-^7rr'(5a)--^Z;-^7ri(M3^,,ziV)-^<^(5a) 

On the other hand we have the circle bundle that defines the join, 
namely 

(17) S'-^Ml X N—^Ml N, 

which gives the long exact sequence 
(18) 

0^Tr2{MlxN)—^n2iMl^k,iN)—^Z—^m{Ml)—^m{Ml^k,iN)—^l. 

Since the quotient of a perfect group is perfect, this implies that in all 
cases the fundamental group of M^ -k^^i N is perfect. 

Now if is not the Poincare sphere Lemma \S7I\ says that for i > 2, 
7r°''^(i?a) = which implies that Tii{Ml -kki N) is a Z; extension of 
Til^^{Bg). The second statement then follows immediately. The third 
statement also follows from the exact homotopy sequence and the fact 
that vrf ^(Sa) = for i > 2. 
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When is the Poincare sphere S^/I*, the long exact homotopy 
sequence (fTB]) becomes, again using Lemma 13.2^ 
(19) 

^7r2(iV) >7r2{M^ ^k,i N) >Z >Zi m{M^ N) >l. 

But also in this case the long exact homotopy sequence ( |T8|) gives 

(20) ^7r2(iV) >tx2{MImjN) >r >tx^{MImjN) ^1. 

From the exact sequence (120!) . 7ri{M^icj. i N) is either I or I*. But from 
( !T9|) if / is odd, then vri (M^ -kk,! N) cannot be I* which proves the first 
statement of this case. However, if / is even, TTi{Ml^-kk,iN) can be either 
I or I*. The final statement follows from the homotopy exact sequence 
of ([T7D. □ 



Also when / is odd the map in (l20l) 

7r2(M3 kk,i N)/'K2{N) ^ Z^Z 

is multiplication by 2; whereas, the similar map in ( II 9p is multiplication 
by/. 

Remark 4.2. Notice that for fixed a and there are infinitely many 
(/c, /) that satisfy the smoothness condition gcd(/ao ■ ■ ■ a„,, kv) = 1. 
For cohomology we have 



Lemma 4.3. Assume the hypothesis of Theorem 4-1 Then H'^{M^'kk,i 
N,Z) ^ H^{N,Z)®I^. 

Proof. Now is a homology sphere, and by Theorem 14.11 'kk,i N 
has perfect fundamental group, so the Gysin sequence of the fibration 
f|T7|) gives the short exact sequence 

— ^Z — >H^{Ml ^k,i N, Z) — yH\N, Z) — ^0 

which splits since H'^{N, Z) is free. □ 

A special case of interest is = S'^'^'^^, the (2r + l)-sphere. 

Proposition 4.4. Let be an homology 3-sphere. Then the join 
-kk.i S"^^^^ has the rational cohomology ring of S"^ x S^^~^^ for all 
relatively prime positive integers k, I, and the join M^-k^^i S'^^'^^ has the 
integral cohomology ring of S"^ x for all positive integers k. If 

r = 1, the join -kk.i has the integral cohomology ring of S"^ x 
for all relatively prime positive integers k, I. 

Proof. Our proof uses the spectral sequence method employed in |WZ90t 
IBGOOj (see also Section 7.6.2 of [BGOSj l The fibration (HZD together 



16 



Sasakian Manifolds with Perfect Fundamental Groups 



with the torus bundle with total space x S^^'^^ gives the commu- 
tative diagram of fibrations 
(21) 

M3 X > Ml ★fc,! S^^+^ > 

Ml X ^2r-+i ^ X CP'" > BS^ X 

where BG is the classifying space of a group G or Haefliger's classi- 
fying space [Hae84j of an orbifold if G is an orbifold. Note that by 
definition iJ*^^(i?a, = H\BBa, and an easy argument of the orb- 
ifold fibration S^^Ml^B^ shows that H*^t,{B^, Z) = H*{S\ Z). So 
cohomologically, BBa is S*^. We also note that BS^ = CP°° with coho- 
mology ring Z[s] with s e H^{CF°^, Z). 

Now the map ijj is that induced by the inclusion e*^ i— )■ (e*'^, e~*'^^). 
So writing 

iy*(B5i X B5\Z) = Z[si,S2] 

we see that ip*si = Is and '?/'*S2 = —ks. The i?2 term of the Leray- 
Serre spectral sequence of the top fibration of diagram (12T1) is £2''^ = 
HP{BS^, H'^{Ml X S'^^'^^, Z)). The non-zero terms occur when p is even, 
say 2p', and q = 0, 3, 2r + 1, 2r + 4. Let a, (3 denote the orientation 
class of Ml,S'^^~^^, respectively. The cohomology ring of the fiber is 
A[a,/3], whereas, that of the base is Z[s]. Then if r > 1 the differential 
d4{a) = (Is)'^, so we need Z = 1 to avoid torsion in ^ torsion in H3. 
Then by naturality we have (i4(a(8)s^^ ) = but then d2r+2{(3) = 

and (i2r+2(a U /3) = (g) /3, so the classes that survive are s,(3,f3U s 
which proves the result for r > 1. 

When r = 1 we have ^4(0) = /^s^ and d^lP) = k'^s^ which implies 
that the primative integral class k'^a — G £^2'^ survives, and this 
proves the result together with Poincare duality. □ 

4.2. The Topology of Ml -k^^i M^. Here we consider the join of two 
homology 3-spheres. We assume that gcd(a, b) = 1 which implies that 
at most one of them can be the Poincare sphere. From the fibration 
f|T7|) with replaced by M^ we obtain 

0— ^vrslMfxM^)— >7r2(MX;M3)— ^Z— >7ri(M3xM3)— >7ri(M3*,,;M3 

Now Ml X has perfect fundamental group ni^Ml) x 7ri(M^), and if 
neither is the Poincare sphere Ml x M^ is aspherical. Hence, Tii{Ml-kk^i 
M^) is perfect and vrj(M^ ; M^) = for i > 3. Moreover, we have 
(22) 

0— >7r2(M3^,,zM3)— >Z— >7ri(M3) x -n,{Ml)—^^,{Ml ^k,i Ml)—^l 
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Proposition 4.5. For all relatively prime positive integers k, I the 5- 
manifold Ml^-k^ i has the integral cohomology ring of S"^ x . 

Proof. The proof is similar to the r = 1 case of Proposition 14.4^ so the 
details are left to the reader. □ 

4.3. Distinguishing Contact Structures. The crudest invariant of 
a contact structure is the first Chern class Ci(2)) of the contact bun- 
dle; nevertheless, it can distinguish countably many contact structures 
in many cases. A much more subtle contact invariant is the contact 
homology of Eliashberg, Giventhal, and Hofer |EGH00j employed for 
example in |BP12j . However, in the present paper we cannot even pin 
down the diffeomorphism type, so we only make use of ci to distinguish 
contact structures. 

Here we consider only a special case where given two base orbifolds 
Bi and i?2, we assume that p*c'^^{Bi) = —hai where Jj is the canonical 
index0 of Bi and at G H^j.f^{Bi, Z) is a generator. In this case we have 

(23) p*cT\Bi X B2) = -ha, - ha2. 

Now consider the bundle determined by the Kahler class kia, + 
/c2«2 on Bi X B2. Let vr : M, i<ki,k2 ^2 — >Bi x B2 denote the bundle 
projection. By the join construction we know that 7r*(fciai + /c2«2) = 
[drj\ = 0. So there is a generator 7 G if^(Mi -kkiM ^2,^) such that 
7r*ai = /c27 and 71*0:2 = —^17. Now the first Chern class of the contact 
bundle is the puUback of the orbifold first Chern class on B, x B2, that 
is, 

(24) ci(D) = n*cl'\Bi x B2) = -hn*ai - hn*a2 = {hki - hk2)l. 

The mod 2 reduction of Ci(D) is a topological invariant, namely the 
second Stiefel- Whitney class W2{Mi i^kiM ^2) e H'^{Mi i<k^^k2 ^2, ^2)- 
This allows us to distinguish different manifolds with the same perfect 
fundamental group. 

5. Extremal Sasaki Metrics on Joins of Homology 

Spheres 

We shall always assume that is an homology 3-sphere with con- 
stant $ sectional curvature either 1 or —4 and that it is not the stan- 
dard sphere. So it is either the Poincare sphere with constant sectional 
curvature 1 or a negative homology sphere with constant $ sectional 
curvature —4. 

^Since we mainly deal with negative Sasakian structures, we use the canonical 
index instead of the Fano index used in jBGOO] . Of course, the Fano index is just 
the negative of the canonical index. 
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Theorem 5.1. Let N be a simply connected quasi-regular Sasakian 
manifold of dimension 2r + 1 which fibers in the orbifold sense over 
a projective algebraic orbifold Z with an orbifold Kdhler metric h of 
constant scalar curvature S. Let v be the order of the Sasakian structure 
on N and assume that gcd(/ao ■ ■ -a^, kv) = 1. Then the join -kj- i 
N is a smooth Sasakian manifold of dimension 2r + 3 with perfect 
fundamental group and the induced Sasakian structure has a ray of 
extremal CSC Sasaki metrics. 

Proof. The proof easily follows from the join construction together with 
Theorem 14.11 □ 

When has a Sasakian structure whose automorphism group 2lut(iS) 
has dimension greater than 1, one can deform in the Sasaki cone to ob- 
tain new extremal Sasakian structures. Indeed, the Openness Theorem 
of |BGS08] guarentees the existence of an open set of such extremal 
Sasaki metrics. 

5.1. Extremal Sasakian metrics on S'^^^^. We can eas- 
ily obtain constant scalar curvature Sasakian metrics on manifolds 

-kk.i S"^^^^ from the lift of the product Kahler orbifold metric on 
-B(a) X CP^. Let us describe the orbifold structure on i?(a). As an 
algebraic variety it is CP^ with n + 1 distinct marked points. Thus, 
as an algebraic variety the product -B(a) x CP*" is CP^ x CP'' with 
a non-trivial orbifold structure on the first factor described by branch 
divisors A = ^^Aj. On the first factor we have an orbifold Kahler- 
Einstein metric with scalar curvature —2, and on the second factor the 
standard Fubini-Study metric with constant scalar curvature 4r(r + 1). 
Since there are an infinite number of integers /, /c, Cq, . . . , a„ that satisfy 
gcd(/ao ■ ■ ■ an,k) = 1, Theorems 14.11 and 15. 11 and the results of Section 
14.31 imply 

Theorem 5.2. Let be a negative homology sphere and assume that 
gcd(/ao ■ • • a„, fc) = 1. Then there is a countably infinite number of 
(2r + 3) - dimensional contact manifolds -k^.i S'^''"'"^ with a perfect 
fundamental group that admit a ray of extremal CSC Sasaki metrics. 

Then Proposition 14.41 and Theorem 15.21 immediately give Theorem 
11.11 of the introduction. 

5.2. Extremal Sasakian metrics on Ml i<k,i Ml. Notice that since 
both homology 3-spheres have constant $-sectional curvature, the bases 
have constant holomorphic sectional curve; hence, they both have CSC 
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Kahler orbifold metrics. So if gcd{lao ■ ■ ■ an, kbo ■ ■ -bn) = 1, the 5- 
manifold -k^^i has a CSC Sasaki metric. This includes the case 
when one of the homology 3-spheres is the Poincare sphere. 

When both homology 3-spheres are negative, we obtain Sasaki-?]- 
Einstein metrics in certain cases. In order to get such metrics we need 
to select the orbibundle over x B\, whose Euler class is pro- 
portional to the orbifold first Chern class c'^^{Ba x B^,) with negative 
proportionality constant. From Equation dHj) we have with obvious 
notation 

/OCX orbtT:> n, \ |Wa| — |da| , |Wb| — |db| 

(25) 0^(5^ X Bb) = -, a + '—^ — -(3. 

"a "b 

So by Equation ( !24l) to obtain a Sasaki- //-Einstein metric on M^-kk.i 
we need ci(2)) = Tx*c'^^{Ba x i?b) = 0, and we do this by choosing 
k = |da| — |wa| = /a and / = |db| — |wb| = Ih as long as they are 
relatively prime. As in |B(;nnj to handle the case when they are not 
relatively prime, we define the relative indices by 

J = -^a J ^ ^b 

gcd(/a,/b)' gcd(Ja,/b)' 

Then gcd(Ja5 Jb) = 1- So generally we obtain a Sasaki-r/- Einstein metric 
on -kk^i by choosing /c = Ja and I = \. We also make note of 
the easily shown fact that gcd((ia, ^a) = 1 for all a with the ai pairwise 
relatively prime. This guarentees that as long as gcd((ia, (ib) = 1, there 
is a Sasaki- r^-Einstein metric on *aa,3b ^b- Summarizing we have 

Theorem 5.3. Let and be negative homology 3-spheres with 
canonical indices la and Jb, respectively. Then 

(1) Ifgcd{lda, kdh) = 1 the 5-dimensional contact manifold {M^'kk,i 
M^, D) with ci(!D) = (fc/b — lla)l admits a CSC Sasaki metric. 

(2) Ifgcd{da, db) = 1, the 5-dimensional contact manifold {M^-kj^^j^^ 
M^,D) with ci(!D) = admits a ray of negative Sasaki-r]- 
Einstein metrics; hence, it also admits Lorentzian Sasaki- Einstein 
metrics. 

Since for fixed a and b there are a countably infinite number of 
relatively prime pairs (fc, /) that satisfy gcd{lda,kd\,) = 1, there are a 
countably infinite number of such contact 5-manifolds. 

5.3. More Sasaki-?7-Einstein Manifolds. It is now straightforward 
to construct higher dimensional examples of ?7-Einstein and Lorentzian 
Sasaki-Einstein metrics. Since as mentioned above gcd{da, /q) = 1 = 
gcd(Ja, J), "we have 
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Theorem 5.4. Let be a negative homology 3-sphere and let N be 
a simply connected negative Sasakian manifold with canonical index I 
and order v. Let Js,,J denote the relative canonical indices. Then if 
gcd((iaJ, v) = 1 the manifold -kj^ j N has perfect fundamental group 
and admits a ray of negative S as aki-rj- Einstein metrics, and hence, a 
Lorentzian Sasaki- Einstein metric. 

Proof of Theorem \1.3[ We need to find simply connected negative eta- 
Einstein 5-manifolds with arbitrary second Betti number 62 that satisfy 
the hypothesis of Theorem 15.41 Then by Lemma 14.31 we will have 
arbitrary &2(^a *Ja,3 ^) = ^2(^) + 1 > 1. In order to find such 
we make use of the work of Gomez |Gomllj on negative ?7-Einstein 
structures on arbitrary connected sums of 5"^ x S^. To exhaust all 
connected sums 1{S^ x S^) we divide the analysis into seven cases, two 
infinite series and five sporatic cases. In each case we need only to check 
that gcd(J,t;) = 1. Then we can always find a such gcd{da,v) = 1. 
The first series is given by the link of the hypersurface Zq + z^^"*"^ + 
Z2''~^^Z3 + zf'~^^Z2 = 0. Here k > 1 and the second Betti number 62 
is / = 2/c + 1. One checks that this has v = 2{4k + 1) and / = 
16A;(4A; + 1) - {Ak + 3f. It follows that gcd(/, v) = 1 in this case. 
The second series applies to 62 = ^ ^ 1 with k > 9 and odd. Here the 
hypersurface is Zq + zf + Z2 + z^ = which has I = k — 8 and v = 2k. 
One easily sees that gcd(/, t;) = 1 in this case. The remaining five cases 
are / = 0, 1, 2, 4, 6. The last two are represented in |Gomllj : however, 
their weights and indices are quite large, but more importantly, the 
/ = 4 case has gcd(/, t;) = 11, so the join will not be smooth. The 
case / = 6 in [Gomll] does satisfy this condition, so it can be used. 
Nevertheless, in the table below we give simpler polynomials to cover 
these five sporatic cases. We used Orlik's formula (see Corollary 9.3.13 
in |BG08] ) with a Maple program to compute the second Betti number 
62- Note that they are not necessarily connected sums of S"^ x S^, as 
there may be torsion in H2{N, Z). 



Sporatic Cases with 1 = 1 



b2 


w 


Polynomial 





(5,6,6,8) 


^0 "1" ^1 "1" ^2 "1" ^3 


1 


(2,4,6,11) 


Zq^ + Z^ + Z2 + Z^Zq 


2 


(6,7,28,42) 


+ z',' + zi + z'i 


4 


(4,5,20,30) 


z^' + + z^ + zi 


6 


(3,4,12,16) 


Zq + Z-^ + Z2 + Z^Zi 



□ 
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5.4. Sasaki-Einstein Metrics on Manifolds with Perfect Fun- 
damental Group. Since the only positive homology 3-sphere with 
perfect fundamental group is the Poincare sphere S^/I*, only joins 
with S^/I* can give Sasaki-Einstein metrics. Furthermore, since from 
Belgun's Theorem 13.61 the positive case corresponds to the bi-invariant 
constant sectional curvature 1 metric, these can all be obtained as 
quotients by I* of the join of the standard with any simply con- 
nected Sasaki-Einstein manifold. So we can consider all the examples 
in |BG00j which involve a join of with a simply connected Sasaki- 
Einstein manifold. We only need to choose k, I to obtain a monotone 
orbibundle, that is, its cohomology class is primitive and proportional 
to the first Chern class of the orbifold anti-canonical bundle K^\{Z) 
with Z = Zi X Z2. We also need to scale the orbifold Kahler metric h 
on Z so that its scalar curvature is 4(?7,i + 71.2) (rii + n2 + 1) where the 
orbifold Zi has complex dimension n,. 

The Poincare sphere can be represented by the link of the polynomial 
Zq + zf + Z2 with weight vector w = (6, 10, 15) and degree d = 30. It 
has Fano index Ip = |w| — d = 31 — 30 = 1. So using Theorems 14.11 
and 14.41 we obtain Theorem 11.41 of the Introduction. 
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